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Background



For yt a stationary, mean zero time series:

Cov(yt+h, yt) = γ(h)

γ(h) is the autocovariance function.

−5
0
5

0 10 20 30
h

γ(
h)

−5
0
5

0 100 200 300 400 500
t

y t

2



γ(h) =

∫ 1/2

−1/2
exp(2πiωh)f (ω)dω,

f (ω) is the spectral density.
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Can define the time-varying spectral density (or evolutionary spectrum), f (ω, t):
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AdaptSPEC: Adaptive Spectral

Estimation for Nonstationary Time

Series



AdaptSPEC

A Bayesian method to estimate f (ω, t) for univariate time series (Rosen et al., 2012).
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Let y s = (y s1 , . . . , y
s
ns )
′, s = 1, . . . ,m, we the data within a single segment. We assume

stationarity. We model the log spectrum as a Gaussian Process (GP):

log f s(ω) ∼ GP(·, ·).

Use the Whittle likelihood (Whittle, 1957):

p(y s | f ) ≈
ns∏
k=1

1√
f s(ωk)

exp

{
−1

2

|Ds
k |2

f s(ωk)

}
,

where Ds
k = (ns)−1/2

∑ns−1
t=0 (y st − µs) exp(−2πiωkt) is the periodogram.

Prior on mean: µs ∼ N(0, σ2µ).

This structure was pioneered by Wahba (1980).
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AdaptSPEC: switches to new spectrum/mean at segment boundaries ξsm.

y =
m∑
s=1

y sδsm(t),

where δsm(t) = 1 iff t ∈ (ξs−1m , ξsm].

Cutpoints ξsm, s = 1, . . . ,m and m assumed unknown.

Group all parameters into Θ, assign a prior p(Θ). Estimation uses Markov chain

Monte Carlo (MCMC) for all unknowns, so get posterior distribution on:

• number and location of segment boundaries; and

• mean and spectrum within segments;

• f (ω, t) (time-varying spectrum) and µ(t) (time-varying mean);

• missing values.
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Estimated time-varying spectra:
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AdaptSPEC-X: Nonparametric

spectral analysis for multiple time

series



Suppose we have a collection of time-series y1, . . . , yN with corresponding covariates

s1, . . . , sN .

Key objects of interest:

• covariate-dependent time-varying spectrum: f (ω, t, s),

• covariate-dependent time-varying mean: µ(t, s).

Want to be able to predict f (ω, t, s) and µ(t, s) at unobserved s.
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We use a covariate-dependent mixture of L AdaptSPEC-based components.

Let

p(yj | Θ1, . . . ,ΘL) =
L∑

l=1

π(sj)g(yj | Θl)

where g(· | Θl) is the the density of AdaptSPEC with parameters Θl , subject to∑L
l=1 π(sj) = 1.

Use the logistic stick-breaking prior (LSBP) (Rigon and Durante, 2021):

πl(s) = νl(s)
l−1∑
k ′=1

(1− νl ′(s)),

where logit νl(s) ∼ GP(·, ·) for l < L and νL(s) = 1.
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Simulation study:
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Main limitations:

• Whittle likelihood known to be inefficient for non-Gaussian time series and small

sample sizes

• No explicit accounting for measurement error

• Covariates (i.e. spatial index) must be time-invariant
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Thank you!

Preprint at https://arxiv.org/abs/1908.06622

Accepted with minor revisions by JCGS

Code at https://github.com/mbertolacci/adaptspecx

Methods will be available in the R package, BayesSpec

(https://cran.r-project.org/package=BayesSpec)

Thank you ,
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